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Abstract

In this article, consistency and asymptotic normality of the quasi-maximum likelihood es-
timator (QMLE) in the class of polynomial augmented generalized autoregressive conditional
heteroscedasticity models (GARCH) is proven. The result extends the results of the standard
GARCH model to the class of polynomial augmented GARCH models which contains many
commonly employed GARCH models as special cases. The results are obtained under mild
conditions.

Keywords: Asymptotic normality; consistency; polynomial augmented GARCH models; quasi-
maximum likelihood estimation.

1. Introduction

Since the introduction of the autoregressive conditional heteroscedastic model (ARCH)
and its successful application to the variance of the UK’s inflation rate by Engle [11],
there has been a growing interest in these models. Especially, the extension to the linear
GARCH (LGARCH) model of Bollerslev [5] has made it possible to capture many char-
acteristics of financial data with one single model. One of these characteristics is that the
conditional standard deviation of stock returns, usually referred to as volatility, seems
to vary over time. Second, the variation of volatility shows some clustering behavior,
meaning the existence of periods in which volatility is high and periods in which it is
low, cf. McNeil et al. [31]. Bollerslev et al. [6] considers not only stock returns but also
interest rates or exchange rates as possible fields of application.

This article focuses on parameter estimation of general GARCH models. Typically, the
Gaussian maximume-likelihood estimator, also called quasi-maximum likelihood estimator
(QMLE) is employed to adapt a GARCH process to data. Starting with Weiss [44],
consistency and asymptotic normality have been derived for the QMLE under different
assumptions by various authors, cf. Lee and Hansen [29], Lumsdaine [30], Jeantheau
[25], Berkes et al. [3] or Francq and Zakoian [15] among others. Nevertheless, these
results are only applicable to the QMLE in the LGARCH model. The first reference to
derive general asymptotic results of the QMLE in a broader class of GARCH models,
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including the LGARCH, a general class of asymmetric GARCH (AGARCH) models as
well as the exponential GARCH (EGARCH) model of Nelson [34] is given by Straumann
and Mikosch [42]. However, they only show consistency and asymptotic normality of
the QMLE for the LGARCH and AGARCH setting. The consistency of the QMLE
for the EGARCH model is shown under strict assumptions and the necessary moment
conditions on the process are hard to verify. The asymptotic normality of the QMLE
remains an open question. Recently, Pan et al. [35] and Hamadeh and Zakoian [17]
have shown consistency and asymptotic normality of the QMLE within the framework
of power transformed threshold GARCH models that generalize the threshold GARCH
model (TGARCH) of Zakoian [46]. It can be concluded from Pan et al. [35, Theorem 1]
that the assumptions needed to ensure consistency and asymptotic normality are quite
similar for the TGARCH and the LGARCH model. The aim of this article is to generalize
these results to augmented GARCH models that contain all the models mentioned above
as special cases. The conditions are easily verified as soon as a specific GARCH model is
considered.

As an illustration of this approach, consistency and asymptotic normality of the QMLE
in the LGARCH and TGARCH setting is shown. It can be seen that the assumptions co-
incide with the ones in Francq and Zakoian [15] and Hamadeh and Zakoian [17]. Moreover,
consistency and asymptotic normality of the QMLE for all the members of the polyno-
mial GARCH and of the power transformed GARCH family discussed in Hentschel [20]
can be derived. Additionally, an estimator for the variance-covariance matrix is proposed.

This article is structured as follows. In Section 2 the probabilistic structure of the
augmented GARCH(1,1) model is briefly discussed and some results that are needed in
the subsequent discussions are provided. Consistency and asymptotic normality of the
QMLE in augmented GARCH models is shown in Section 3. To illustrate the results,
Section 4 shows asymptotic properties of the QMLE in the LGARCH and TGARCH
setting. Finally, Section 5 contains proofs.

2. Probabilistic structure of augmented GARCH
models

Throughout this article, the gradient of a function f : 8 — R is written as Vg f(8) which
is a column-vector of dimension d when 8 € R% and the Hessian matrix as

9’ £(6) 2%f(6)
003 Tt 001004
ng(a) = : . f
9°£(6) 2%£(6)
96400, 263

which is of dimension d x d. The notation Vj f(0) denotes the third partial derivative of
f w.r.t 8. The third partial derivative can be calculated as in Rao and Rao [37, p. 225
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ff.]. Define H := V32 f(0) then, the derivative

OH

L _VeH
o9 ~ Ve

is understood as the following matrix derivative:

Ovec(H)

YO Sec(0))”

where vec(H) is the vec-operator formed by writing the columns of the matrix H one
below the other. Therefore, vec(H) is of dimension d? and VgH is a d? x d matrix. The
notation || A|| < oo means that max; ; |a; ;| < co. The expected value of a matrix is taken
componentwise and A,, “3" 0 indicates that every component of the matrix A,, converges
a.s. to 0 as n — 0o. A sequence of random elements (f,,)nez with values in some normed
vector (B, ||||) converges a.s. towards 0 if lim,,_, o P(Sup,,>,, || fm|| > €) = 0 for all € > 0.
The abbreviation e.a.s. is employed for indicating that

P full =50

for n — oo and some p > 1, similar to Straumann and Mikosch [42]. Thus, if || f,| <
Zp~™ a.s. for some positive random variable Z, it follows that ||f,,| “%” 0. Finally, let
log™ x := log(max(x,1)). In this section, the probabilistic structure of the augmented
GARCH model introduced by Duan [10] is discussed. Based on the work of e.g. Duan
[10], Carrasco and Chen [8], Aue et al. [1] and Hoérmann [23] many useful results on
stationarity, ergodicity, and the existence of moments are available. First, some results
of Hérmann [23] on strict stationarity and the existence of moments of these models are
reviewed. To keep notation simple, only the case p = ¢ = 1 is considered. The general-
ization to arbitrary order models is straightforward with minor changes in the proofs,
because all results on stationarity and ergodicity carry over to GARCH models of arbi-
trary order, cf. Lee and Shin [28]. Apart from that, Hansen and Lunde [18] demonstrated
that a simple LGARCH(1,1) specification fits financial data reasonable well. The follow-
ing definition of an augmented GARCH(1,1) model is similar to the definition given by
Francq and Zakoian [16] and Hérmann [23].

Definition 2.1. Let g(z) and c(x) be real-valued and measurable functions and assume
that €; is an i.i.d. sequence. Assume that the stochastic recurrence equation

he = h(c?) = cles_1)he—1 + g(er—1), (2.1)

has a strictly stationary solution and assume h; : Rt — R™T is an invertible function.
Then, an augmented GARCH(1,1) process (Xt)iez is defined by the equations

X = o€y

o2 =h;t. (2.2)
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4 Fabian Tinkl

For the functions ¢(x), g(z) and h(z) some assumptions have to be made in order to
get a solution to the stochastic equations in (2.1). A solution is called non-anticipative
if h; is independent from o(es : s > t) and irreducible if hy # 2 € R, such that g(ey) =
(1 — ¢(€g)). In the latter case g(eg) and c¢(eg) are linear combinations of each other and
ht reduces to a constant value x. For instance, let g(eg) = 1, ¢(eg) = S with 0 < 8 < 1
then, it holds that

o0

he=3F =1/~ )
i=1
which is constant. Hence, z = 1/(1 — 8) € RT and instead of an augmented GARCH
process a simple white noise process with F[X,] = 0 and E[X?] = (1—3)~! is considered.
Using the notation of non-anticipativity and irreducibility, the following theorem can be
derived from Hormann [23, Theorem 1] and Hormann [23, Theorem 2]

Theorem 2.1. Assume that ¢; is i.i.d. and that
Ellog |e(eo)]] <0, (2.3)

Ellog™ |c(eo)|] and E[log™ |g(eo)|] are finite. Then, for everyt € Z the series

hy = Zg(et,i) H ce—j), (2.4)
i=1

1<j<i

18 a.s. convergent and h; is the unique and strictly stationary solution of the equation
(2.1). Conversely, if € is i.i.d. and hy is irreducible, the equation (2.2) has a strictly
stationary non-anticipative solution. The series in (2.4) converges a.s. and is the unique
stationary solution of equation (2.2).

Let h(o?) = o2, c(e;) = B+ ae? and g(e;) = w, then, the LGARCH(1,1) model of
Bollerslev [5] is obtained. To ensure that h; : RT — R™ is bijective and increasing it is
required to have w > 0,, 8 > 0. Since ¢(z) and g(x) are continuous functions of z, they
are measurable. The conditions for strict stationarity becomes

—00 < E[log(B + aed)] <0 (2.5)

. Hence, the unique and strictly stationary solution h; is of the form

oo i—1

o? szH(ﬁ—&—aef_j). (2.6)

i=1 j=1

It is shown in Nelson [33, Theorem 2| that, if w > 0, > 0 and 5 > 0, the LGARCH(1,1)
model admits a strictly stationary solution if and only if —co < E[log(8+ae€3)] < 0. More-
over, he proves the uniqueness of this solution. A generalization to arbitrary GARCH(p,q)
process is given by Bougerol and Picard [7]. Conclude from Jensen’s inequality that

Ellog(B + aed)] < log(B + aFE[el]) < 0.
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Maximum likelihood estimation in augmented GARCH models 5

Therefore, if E[ed] = 1 is assumed, a sufficient criterion for the existence of a strictly
stationary solution is given by a4+ 3 < 1. Yet, this is also the condition for weak station-
arity of the LGARCH(1,1) process, cf. Bollerslev [5, Theorem 1]. Thus, the existence of a
weakly stationary solution implies the existence of a strictly stationary solution provided
€; is an i.i.d. sequence and both solutions must coincide. In particular, if « + § = 1 the
LGARCH(1,1) is sometimes called an integrated GARCH(1,1) (IGARCH(1,1)) model.
This process is strictly stationary but not weakly stationary as Var(Xy) = oo. Note that
ergodicity is obtained because h is a measurable function of the i.i.d. sequence €;. The
next theorem gives conditions for the existence of E[h(c?)] and E[X{] for some s > 0.
This result can be found in Aue et al. [1, Theorem 2.2] and Hérmann [23, Theorem 3].

Theorem 2.2. Let (X, hy)iez be strictly stationary, e, an i.i.d. sequence and E[|g(eo)|?] <
oo for some s > 0.

1. If E[|c(€0)|®] < 1, then E[|h(cd)]*] < co holds.
2. If c(eg) > 0, g(eo) > 0 a.s. and E[|h(c})|*] < oo, then El|c(eo)|*] < 1 follows.

If E[e3] = 1 is assumed, then in the LGARCH case it is well-known that E[|c(e)|] =
Elaet + B] = a+ 8 < 1 is necessary and sufficient for E[02] < oo and, thus, E[XZ] < oco.

3. Main results

Suppose, the volatility function h; depends on an unknown parameter-vector 8 € R?; i.e.
ht(O) = Cg(€t_1)ht_1(0) —+ gg(Et_l). (31)

The parameter may appear in the function ¢(x) or g(x). For instance, consider the
LGARCH(1,1) model. Then, the parameter of interest is given by 6 = (w,«, ) and
co(x) = ax+ f and g9 = w. In order to guarantee that the process X; is strictly station-
ary and ergodic it is assumed that the conditions of Theorem 2.1 are met. The conditional
variance process has the following unique a.s. representation:

o (0)=h"" de(ﬁt—l—i) 1T cole) ] - (3.2)

1<j<i

In this section strong consistency and asymptotic normality of the QMLE in augmented
GARCH(1,1) models is derived. The true, but unknown parameter is denoted by 8.
When working with real data, only finitely many data points are observed. Therefore, it
is common to consider the finite sample version to (3.2), that is,

oy =ht de(ﬁt—lﬂ') H colet—i) | (3.3)
i=1

1<j<i
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6 Fabian Tinkl

cf. Berkes et al. [3], Francq and Zakoian [15], Straumann and Mikosch [42] and Hérmann
[23]. The logarithm of the Gaussian likelihood is given by

Ln(0) =) l:=-1/2) log57(0) + ;((*’0) (3.4)
t=1 t=1 t

modulo a constant. A QMLE is obtained as the measurable solution én of

n
0, = “1L.(0) = 1N log 5?2
arg maxn (0) = arg maxn Z ogd; +

max (3.5)
t=1

2
ot
2’
where K is some compact set of R%. Note that X, = 0¢(00)e;. However, since 572 is neither
stationary nor ergodic, cf. Straumann and Mikosch [42], it is necessary to work with the
ergodic and stationary approximation o? from equation (3.2) instead of ;. Denote

Lo(0) =) l:=-1/2) logaf(6) + af(ta)
t=1 t=1

the Gaussian likelihood if o2 is employed instead of 62 and, similarly,

L(0) = Eqg, [lo(6)].

The results of this section are derived using the following two steps. First, assuming o? is
observable, consistency of an estimator é:; is established that is obtained by replacing &2
in equation (3.5) with 2. Second, it is proven that the estimator 8, of (3.5) converges
a.s. to é; This procedure is standard in the literature, cf. Berkes et al. [3], Francq and
Zakoian [15] or Straumann and Mikosch [42]. To ensure that the conditions of Theorem
2.1 hold, it is necessary to restrict the feasible values of the parameter 6y. Let 8y € K,
such that (Xy);ez is strictly stationary and ergodic and let K be some compact subset
of R, Moreover, let h(o?) = (02)°, for some ¢ > 0. In order to derive strong consistency
the following restrictions on cg(x) and gg(x) are imposed.

(C1) Tt holds that a.s. ce,(€0) > 0, gg,(€0) > 0 and 02(0) > h >0 for all € K.

(C2) Additionally, it holds that Eg,[|ce,(€0)|°] < 1 and Eg,[|ge,(€0)|?] < oo for some
5> 0.

(C3) The function h(0?(0)) = ¢?%() is continuous in @ € K for all ¢.

(C4) For every 8 € K the following identifier condition holds: 02(8) =" ¢3(8y) if and
only if 8 = 6.

The next theorem establishes consistency of the QMLE for augmented GARCH models
with the choice h(z) = 2°. Observe that Eg,[|gs, (¢0)|*] < oo implies Eg, [log™ |ge, (€0)|] <
00.

Theorem 3.1. Let 0 < & and let Oy € K for some compact set K C R?. Assume that
the process (Xy)iez is strictly stationary and (C1)-(C4). Let Eleg) = 0 and E[e3] = 1.
Then, it follows that 0,, “3 0.
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Maximum likelihood estimation in augmented GARCH models 7

Remark 3.1. To the best of the author’s knowledge, consistency of the QMLE for the
class of augmented GARCH(1,1) models has not been studied before. Straumann and
Mikosch [42] considered a general class of GARCH models including the LGARCH model
and asymmetric GARCH model using a stochastic version of Banach’s fixed point theo-
rem, cf. Straumann and Mikosch [42, Theorem 2.8]. However, their conditions are hard to
verify and detailed discussions are necessary for every specific model, cf. Straumann and
Mikosch [42, Section 5]. In contrast to their assumptions, the conditions (C1)-(C4) are
verified by straightforward calculations as soon as a specific augmented GARCH model
is considered.

Remark 3.2. The assumption E[eg] = 0 is only made for convenience as it corresponds
to the efficient market hypothesis E[X;|§:—1] = 0 a.s., cf. White [45]. In Francq and
Zakoian [15] the assumption Eleg] = 0 is dropped, cf. their Remark 2.5. The assumption
E[€?] = 1 is not restrictive as long as E[e?] < oo, cf. Berkes and Horvéth [2].

To establish asymptotic normality, it is convenient to make a first order Taylor series
expansion of VgL, (0},), cf. Straumann and Mikosch [42] to obtain for n large enough:

VBLn(g:L) = VBLn(OO) + V%Ln(é)(az - 00)7 (36)

here ¢ is between 0 and 6. Since 0, is the unique maximum of L, (0), it follows that
VgLn(BZ) =0.1If

n~ VgL, (&) 3 By' = Eg,[Vg,10(600)] (3.7)
rearranging equation (3.6), yields

n" VgL, ' (€)(8;, — 80) = —n"'VoLn(6o)
V(0 —80) = =By (1 +o0p(1))n"Y2VeL,(6). (3.8)

Applying a central limit theorem for martingale differences, cf. Billingsley [4, Theorem
18.3] or Heyde [22, Theorem 2] to the sum n~/2VyL, (8) yields

—B;' (14 0p(1))n" Y2V L,(00) > N(0, By SB; 1Y),

where )
S = E, [vgzo(eo)vezo(oo)} .

To ensure that the variance-covariance matrix is well defined, it is assumed that
Eo,[[[Velo(00)|] < oc. (3.9)
In addition, the condition

Eo,[[IVlo(80)ll 7] < o0 (3.10)
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8 Fabian Tinkl

for some compact K containing the true parameter 6y is employed to show that (3.7)
holds. These assumptions are along the lines of Straumann and Mikosch [42] or Ferguson
[14, Theorem 18]. However, Lumsdaine [30], Berkes et al. [3], Francq and Zakoian [15]
and Jensen and Rahbek [26] work with finite expectation of the third derivatives of I
in a neighborhood of the true parameter in order to bound the second derivatives. This
may lead to some cumbersome calculations and is not necessary. In order to establish
asymptotic normality, the derivatives of the likelihood function

1:(0) = —1/2 <logaf(9) + a?(%)) (3.11)

are needed. Recall that for the augmented GARCH(1,1) model o7 is uniquely determined
by the relationship

oo i—1 00 o1 1/4
of =h Y galeri) [Jeolee—s) | = [ D golee—i) [] coler—y)
i=1 j=1 i=1 j=1
Therefore, the partial derivative is obtained
00 i—1 1/6-1 00 i—1
Voo; =1/5 (> geler—i) [ [ coler—y) Vo | D gaer—s) [] coler—y)
i=1 j=1 i=1 j=1
- 1/6\ 1-9
=1/6 | (D geler—i) [] coler—j) Veh(a?)
i=1 j=1
=1/5(c2)170Vg(0?)°. (3.12)
For instance, assuming 6 = 1/2, yields Vgo? = 20,Vgo; and for § = 1 the above

expression simplifies to Vgo? = Vgo?. Thus, the first derivative of [;(8) is given by

2 0_2
w0 =121 ) o)

(3.13)

and its second derivative by

vie) =172 (1 on)) (@ vs1®)

—1/2 (2 Ug(é) - 1) (%ngf(@)v;gaf(g)) : (3.14)

The existence of both derivatives is an immediate consequence of the differentiability of

02(0). The following assumptions are needed to ensure the asymptotic normality of the

QMLE.
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Maximum likelihood estimation in augmented GARCH models 9

(N1) The true parameter 6 lies in the interior of K, denoted with K.

(N2) The distribution of ¢ is such that E[e3] = 1 and E[e}] < oo.

(N3) There exists a convex set K C K, containing 6, such that ¢2(8) is three times
continuously differentiable in @ with measurable derivatives such that

(i) Bo,llog” [Veo? (8)|lz] < oo,

(ii) Bo,llog” V507 (0)] ] < oo,
(iii) Eo,[log™ Vo7 (0)] ] < oo
In addition, the following moment conditions hold:
(iv) Eo,[IV5lo(0)] ] < oo,

(v) Eo, |
(vi) Fo, |

(vii) Eg, {

(N4) The components of Vgo?(8) are linearly independent random variables.

sxtay Vood(80) || < oo,

5 V303(60) || < o<,

a2(60)

o Vo3 (60) V03 (60) || < .

Assumption (N3) may easily fail to hold. For instance, in the TGARCH model of Zakoian
[46], 02(0) is not continuous differentiable. Thus, the moment conditions (N3) have to
be verified directly. For simplicity, it is assumed without loss of generality that K = K,
similar to Straumann [41, p. 116]. The next theorem establishes the asymptotic normality
of the QMLE.

Theorem 3.2. Let § > 0 and let 6y € K for some compact set K C R®. Assume the
conditions of Theorem 3.1 and (N1)-(N4). Then, it follows that

\/ﬁ(én - 00) i N(Oa 2),

where L

% = B[(l — 1)] B, ngw)veaéwwgaé(m

Remark 3.3. Assumption (N1) and (N2) are standard assumption, cf. Berkes et al. [3],
Francq and Zakoian [15] or Straumann and Mikosch [42] and are necessary to ensure that
> is well defined and that the support of v/7(8, — ) is (—00,00)%. The assumptions
(N3) and (N4) are similar to assumptions (N3) and (N4) in Straumann and Mikosch [42].
They are needed to demonstrate that 3 is well defined and that 0, is asymptotic equiv-
alent to é:; The moment conditions (N3i)-(N3iv) are similar to conditions (D1)-(D3) in
Straumann and Mikosch [42] and they may be easily verified as soon as a special GARCH
model is considered. Therefore, it suffices to show that for some s > 0 E[||Y||%] < oo
because E[||Y]|%] < oo implies Eflog™ ||Y]|x] < 0o and Y stands for one the derivatives
of o;.

imsart-bj ver. 2013/03/06 file: bernoulli_main.tex date: April 18, 2013



10 Fabian Tinkl

Model Specification

LGARCH(1,1) of Bollerslev [5] o} =w+aX? |+ Bo2_,
AGARCH(1,1) of Ding et al. [9] 02 =w+ a(|Xi—1] —¥Xi—1)% + Bo?_,
APGARCH(1,1) of Ding et al. [9] of =w+a((|Xe—1] —¥Xt-1)% + Bod_,

NGARCH(1,1) of Engle and Ng [12] 07 = w + aet—1 — ¢)%07_; + Bo?_;
VGARCH(1,1) of Engle and Ng [12] 0t = w + a(ei—1 — )2 + Bo2_,
TSGARCH(1,1) of Schwert [40] ot =w+ a|X¢—1| + Bor—1

Table 1. GARCH specification

Remark 3.4. To the author’s knowledge asymptotic normality of augmented GARCH
models has not been considered before. Table 1 shows some examples of GARCH speci-
fication for which the result applies.

The TGARCH model of Zakoian [46], however, does not fulfill assumption (N3) be-
cause it is not continuously differentiable. The same holds true for the more general class
of power transformed TGARCH models as discussed among others in Hwang and Ba-
sawa [24], Pan et al. [35] and Hamadeh and Zakoian [17]. However, the continuity of the
derivatives is only needed to apply a multivariate mean value theorem in Lemma 5.5.
When applied to the LGARCH(1,1) model, the assumptions actually coincide with the
findings in Francq and Zakoian [15] and applied to the AGARCH model the assumptions
coincide with the ones given in Straumann and Mikosch [42]. In addition, asymptotic
normality of the QMLE for the NGARCH, VGARCH, the TSGARCH model and other
polynomial GARCH models may be derived which seemingly has not been established
before.

From Theorem 3.2 standard errors may be calculated using the variance-covariance
matrix 3. However, 3 can not be calculated explicitly as the common distribution of an
augmented GARCH(1,1) model is not known. Thus, it seems reasonable to estimate X
via a matrix V,, defined by:

n

V.(0,) = (i St - 1)) (jl > %ve&ﬁénvg&?(én)) ENEEE)
t=1 t=1 9¢\YUn

where & = X,/ &t(@n). One can show, cf. Straumann and Mikosch [42, Remark 7.5] that

V,.(0) is a strongly consistent estimator. Therefore, let V,,(8,,) be as Vn(ﬂn) with 7

replaced by oy. In a first step it can be shown that V,,(6,,) is strongly consistent for 3.
In a second step, it is proven that

IVn(8) = V()] x “3 0.

The following result is mentioned in Straumann and Mikosch [42, Remark 7.5] and im-
plicitly in Mukherjee [32, Proposition 3.11]. A proof is therefore omitted.

Proposition 3.3. Assume the conditions of Theorem 3.2. Then, the estimator defined
in (3.15) is strongly consistent for X.
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Maximum likelihood estimation in augmented GARCH models 11

4. Applications

4.1. The QMLE in the LGARCH model

Let K. = [c,1/c]? x [0,1 — ¢] for some arbitrary small ¢ > 0 such that (X;);ez is strictly
stationary and ergodic for 8y € K. Recall that the LGARCH(1,1) is obtained by setting
in model (2.1) g(e;) = w, h(c?) = o7 and c(e;) = a + Be?. The next corollary shows
consistency of the QMLE.

Corollary 4.1. Let ¢ be an i.i.d. sequence, not concentrated at two points with E[ey] =
0 and E[e3] = 1. Suppose the true parameter 8y = (wg, ap, B) is in K, such that 2.5

holds. Then 8,, 5 0y if 00(8) =" 00(6y).

Remark 4.1. Some cases are ruled out from consistency considerations. For example
assume « = 0, then 0? = w + Bo?_; and o7 is purely deterministic and independent of
(Xt)tez- Thus, w and S are not identifiable. Nevertheless, § = 0 is allowed and essentially
an ARCH(1) model is estimated. This result carries over to the GARCH(p,q) case as it
is shown for instance in Francq and Zakoian [15] under additional assumptions.

Proof of corollary 4.1. One has to show that (C1)-(C4) of Theorem 3.1 hold under
the assumptions of Corollary 4.1. Since gg(e;) = w > 0 and co(e;) = ael + 8 > 0,
for a > 0,8 > 0 (C1) follows immediately. (C3) is obvious because h(0(0)) = 07(0) =
wHaX}? | +Bo? | is a continuous function in @ = (w, @, 3). Under the condition o((8) =
00(0o) it follows that @ = @y by the proof of Francq and Zakoian [15, Theorem 2.1] and
(C4) is fulfilled. It is left to show that (C2) holds. The second part of (C2) namely
El|lgo(e:)|’] = E[w®] < oo holds trivially for all w > 0 and s > 0. Additionally, deduce
from Berkes et al. [3, Lemma 2.3] that if the LGARCH process is strictly stationary and
ergodic there exists some s > 0 such that E[0?°] < co. Since (C1) holds an application of
the second part of Theorem 2.2 yields that E[|cg(e:)|?] < 1. This completes the proof. O

The next corollary shows the asymptotic normality of the QMLE. The assumptions
are the same as in Francq and Zakoian [15, Theorem 2.2].

Corollary 4.2. Assume the conditions of Corollary 4.1, Ele}] < oo and, in addition,
0y € K.. Then, it follows that

V6, — 65) % N(0,3),

where )
1 / -
% = El(eg — B, | 557 Voo (0)Veoi (6)

o;(0)
Proof. The conditions (N1)-(N4) of Theorem 3.2 have to be verified. (N1) and (N2)
are immediate. (N3iv)-(N3vii) are demonstrated in the proof of Francq and Zakoian [15,
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12 Fabian Tinkl

Theorem 2.2] and (N4) is proven in Berkes et al. [3, Lemma 5.7] and Francq and Zakoian
[15, Theorem 2.2], respectively. It is left to verify conditions (N3i)-(N3iii). It is merely
demonstrated that (N3i) holds since the remaining conditions are verified analogously.
Since the process is assumed to be strictly stationary, it follows from Berkes et al. [3,
Lemma 2.3] that there exists some s > 0 such that E[0?°] < co and, thus, E[X?*] < oco.
In order to establish (N3i), it may fruitful to discuss the almost sure representation of
Veo?(0) which is obtained from the ARCH(oco) representation of o7 similar to Berkes
et al. [3] and Francq and Zakolan [15, equation (4.4)]. Hence, the first partial derivative
of o7 is given by

1

1-8
Veaf(o) = Zi:lolflilXEfi ,
T ta it (- D)BTIXE

Observe that
Egyllogt (1 = B) " M|k.] < —log" ¢ < cc.

2 2
Turning to %, it follows that % < 07 /a. Using Berkes et al. [3, Lemma 2.3], there
exists a s > 0 such that E[07%] < co. Therefore, it holds with Jensen’s inequality that
+||90? + 2 +
Eg, |log™ | =/ | < FEe, [log” o7 —log™ || . ]
KC

< 1/slog® Eg,[07°] —log™ ¢ < oo.

From Hardy et al. [19, p. 24], it can be deduced that (a +b)® < a® +b° for 0 < s < 1
and, thus, together with Straumann and Mikosch [42, Lemma 2.2.] it follows that

o2 w > ) ’
Fg, |log™ || =% <s tlog" E H + i— 1) 2XE,
6o g 86 K;| = g 6o (1 — 5)2 K. ;( )Hﬂ t ||K(‘

(.¢]
< Crtloghy (i = 1)(1 - o) THBXE] < oo,

=1

where C} := s~ 'log™ (ﬁ) +log™ o + 2log 2 < oo and the series converges by an
application of Lemma 5.1. Thus, Theorem 3.2 applies and the assertion follows. O

It is possible to derive consistency and asymptotic normality under weaker assump-
tions on the innovation process ¢;. Especially, the i.i.d. assumption may be dropped, cf.
Lee and Hansen [29] or Escanciano [13]. An alternative is to employ a martingale differ-
ence structure for the stationary and ergodic sequence €; together with stronger moment
assumptions as in Lee and Hansen [29] and Escanciano [13]. However, it seems question-
able whether weak dependence assumptions on ¢; are indeed that important as asserted
by Escanciano [13]. The main argument is that the i.i.d. assumption does not allow for
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Maximum likelihood estimation in augmented GARCH models 13

time-varying skewness and kurtosis. Though Rockinger and Jondeau [38] and Jondeau
and Rockinger [27] among others claim this empirical finding, it is not an established
stylized fact and empirical studies are contradictory, cf. Herrmann [21] for an overview.
Therefore, the classical framework is considered and the i.i.d. assumption for €, is upheld.

4.2. The QMLE in the TGARCH model

Zakoian [46] proposed an asymmetric GARCH model allowing for modeling the leverage
effect, i.e. that negative stock returns have a stronger influence on the volatility than
positive ones. A phenomenon often observed for financial market data, cf. McNeil et al.
[31]. Consistency and asymptotic normality of the QMLE are derived under similar con-
ditions as in the LGARCH(1,1) case. However, some problems arise because o+(8) is not
continuous differentiable at least in the third component. The TGARCH(1,1) model is
obtained by setting gg(€e;) = w, co(€e:) = at|e;| + a~ max(0, —€;) + 8 and 6 = 1/2 with
w > 0, af,af, B > 0 for positivity of o;. Consistency and asymptotic normality of the
QMLE of this type of model was proven by Pan et al. [35] in a more general setting,
namely the power transformed TGARCH model and more recently it was proven again
using slightly different arguments by Hamadeh and Zakoian [17]. Since the TGARCH
model is not continuous differentiability of oy, the results of the previous section do not
directly apply. Its first derivative w.r.t. 8 is given by:

VQO't(e) - (1a |Xt—1|amax(07 *Xt—l)a Ut—l)l
which is not continuous in its third component. Hence, assumption (N3) no longer holds.
Defining X, ; := max(0, —X;_1), 0¢ may be written as:
ocr=w+a| Xl +a X, +Bw+at X, s +a" X, 5+ Bor_2)

=w(l+ B+ 6% +.) +aT (| Xim1| + Bl Xi—2| + B Xi—a] + ...)

+aT (X +BX L, + X+ )
w oo oo
- - + i—1 . — i—1 v —
=15 +e ;,3 1 Xi—i| +a ;,3 X, (4.1)

Thus, a strictly stationary TGARCH process (X;)tcz can be represented as TARCH (o)
process. Again, as in the LGARCH setting it is worked with the approximation &; for
o¢, based on a finite sample X7, ..., X, of (X¢)iez. Let

Kg=1[d,1/d® x [0,1 —d]

denote the compact parameter space for some d > 0. From Theorem 2.1 it can be deduced
that the TGARCH(1,1) model is strictly stationary and ergodic with an a.s. convergent
solution for o; if the condition

Eg,[log(Bo + af |er] + ag max(0, —€;))] < 0 (4.2)

holds. The next corollary states the consistency of the QMLE.
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14 Fabian Tinkl

Corollary 4.3. Let ¢ be an i.i.d. process, not concentrated at two points with E[ey] =
0 and E[e3] = 1. Suppose the true parameter 8y = (wo, g, g, o) is in K, such that
(42) holds. Then, Gn a;; 90 if 0'0(0) = 0'0(00).

Remark 4.2. Recently, Hamadeh and Zakoian [17] proved this result for the power

transformed TGARCH model of the form X; = Utl / 66,5. The present result is a very
special case for § = 1. The case a™ +a~ = 0 is excluded from the considerations because
in that case o0; is not irreducible.

Proof of corollary 4.3. The assumptions (C1) and (C3) are obviously fulfilled. (C4)
is shown in Hamadeh and Zakoian [17] because o4(0) = ¢¢(8) implies 6 = 0, provided
€; is an 1.i.d. sequence, not concentrated at two points. Finally, (C2) holds because there
exists a s > 0 such that F[w*] < oo for all w and E[|B+a™t|e]|+a™ max(0, —e)|*] < 1, cf.
Pan et al. [35, Theorem 6]. Thus, the conclusion follows from the second part of Theorem
2.2. O

The next theorem states the asymptotic normality of the QMLE for the parameters
of the TGARCH(1,1) model. The same result was recently established by Hamadeh and
Zakoian [17] under the same conditions. However, some different arguments in the proof
are used.

Theorem 4.4. Assume the conditions of Corollary 4.5, Ele}] < oo and, in addition,
0y € Ky4. Then, it follows that

\/ﬁ(én - 00) _d> N(Oa E)a (43)
where .
S = El(ch — 1)]Eo, |~ Va00(86)Vero (60)
a5(60)
5. Proofs

The following lemma from Straumann and Mikosch [42] will be applied abundantly in
the following proofs.

Lemma 5.1. Let (f;)iez be a sequence of real random variables with f; “%% 0 and
let (X¢)iez be a sequence of identically distributed random variables in a separable
Banach space (B, || - ||). If E[log™ || Xo|]] < oo, then > ;2 f:X; converges a.s., and one

has fo Y r o Xi “57 0 and £, X, “57 0 as n — o0.
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Maximum likelihood estimation in augmented GARCH models 15
5.1. Proof of Theorem 3.1

Before proving Theorem 3.1, two lemmas are needed. The next lemma shows consistency
of the estimator 8,,.

Lemma 5.2. Under the conditions of Theorem 3.1 it follows for n — oo that
0, “3 6.
Proof. The proof consists of the following steps. First, it is proven that

5 X3
logog(00) + =~
#7(00) a3(60)
Second, it is shown that for every 8 # 6y L(60) < L(6y) holds. Third, using an argu-
ment as in Pfanzagl [36] and Ferguson [14, Theorem 16b] the strong consistency fol-
lows. To demonstrate (5.1) observe that the conclusion follows if Eg,[l; (680)] < oo and
Ea,[lg (80)] < oo, where Ij = max(0,ly) and l; = max(—lp,0). Under assumption (C1)
it holds that

1/2E,, [

H — Eou[llo(80)]] < ox. (5.1)

Eo, I (80)] < Ep, [log(max(a5(60), 1))] < log Eg, [max(c(8o). 1)]
< max(0, —log h) < co.

Additionally, under the conditions (C1) and (C2) there exists a s > 0 such that
Eg, [log 03(60)] = Eg, [1/s10g(03(80))°] < 1/slog Ee, [(05(6)) -

It is left to show that
s/8

0o i—1
E90 [(08(0))8] = E90 Z 9o, (G*i) H Co, (6*3') < Q. (52>

Under assumption (C2) it follows from Hormann [23, Theorem 3] that Eg,[h(03)%] < oo
and for § > 1 an application of Jensen’s inequality yields:

(E6ol(08)*])° < Ee,[h(05)°] < o0
and equation (5.2) follows. For the case 0 < § < 1 note that
Eo,[X3°] = Eo, (08’1 Eleg’] = Eo, [h(08)] Eleg’] < oo

and (5.2) follows setting s = ¢ and an application of Hérmann [23, Theorem 3]. Hence,
it follows that Eg,[ly (60)] < oo and (5.1) is proven. Next, it is shown that

2 X3 2 X3
—1/2Ey, |logo§(68o) + 0'8(00>:| > —1/2E,, |:10g00(0) + 08(0)
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16 Fabian Tinkl

a

holds with equality if and only if 02(8) “2 02(8). Rearranging the equation, leads to

—1/2E [lo 05(8p) —lo 02(6)—1—)(8—)(3] >0 (5.3)
o [PEOTI TR T 53(00) ~ oF(0)] '

Recall that X2 = 02(00)e2 and E[e2] = 1. Therefore, the estimate in (5.3) is equivalent

to
o 70(00) a5(80)] _
e [l ®702(0) 03(9)] ==

For x > 0 the estimate
log(z) <z -1

25(80) then, it holds that

is strict, with equality if and only if x = 1. Set = = G)
0

02(00) 02(00)
Eg |:10g 0 -0 :| = —1,
’ o3(0)  a5(6)
if and only if 02(8¢) = 02(0). Since condition (C4) ensures that 02(6y) = 02(0) if and
only if @ = 6y and 6y is the maximizer of L(6), L(0) < L(0y) follows for all 8 # 8.
Following Ferguson [14, Theorem 16b] it is left to show that

P(lim sup supn~ 'L, (0) < sup L(8)) = 1 (5.4)
n—oo @eC ocC

for any compact set C C K. The same argument is employed in Pfanzagl [36, Lemma
3.11] and Straumann [41, Theorem 5.3.1]. Recall that

X2
1 209 _0
%&70(60) + o5(6o)

Hence, by the ergodic theorem it holds for every fixed 8 that

o | <

n" L, (0) “3 Eg,[l0(6)).

Since (5.1) holds, 5.4 follows from Ferguson [14, Theorem 16b]. Consistency follows by
compactness arguments analogue to Wald [43, Theorem 2]. O

In order to demonstrate n=!||L,(0) — L, (8)| x, the following intermediate result is
proven first.

Lemma 5.3. Under the assumption of Theorem 3.1 it follows that

I logat2 — log&fHK “4 0
and
1(o7) ™" = (7)) lx “= 0.
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Maximum likelihood estimation in augmented GARCH models 17

Proof. Suppress the dependence of ¢ on @ for easier notation. Since h(z) = 29 is a

continuous function for every § > 0, x € (0,00), and y = h(z) > 0 under assumption
c(€),g(eo) > 0 the inverse function h=*(y) = y'/? is uniquely defined for every y > 0.
Denote h; = h(G2). Then, applying Hérmann [23, Lemma 5] yields

P(|hy — hy| > exp(—at)) < Coexp(—pt) — 0,

for t — oo and some constants Cy > 0 and p > 0. Denote f; := |hy — iLt| then, a.s.
ft > fir1. In addition, f; is continuous on K by assumption (C3) and f; “%” 0 for fixed
6 € K. Applying Rudin [39, Theorem 7.13], it may be concluded that ||h; — htHK “L0.
Recall that h(z) is differentiable w.r.t.  and so is A~ (x). Thus, applying the mean value

theorem, yields
lo? = &7k = A" (he) = ™ (o)l ¢

1
367 T
1

3(h)*~
2 2 €e.a.s.

Here, 62 > h is between o2 and 2. This shows that |0 — 62| x 5 0 for t — oco.
Applying the mean value theorem to the sequence log o2, it follows that

||ht — |k

=[|he — hell e 5% 0.

. . 1 - ags.
log o} —log&fllx < ||—5| llo7 = 7llx < ﬁHUf = 6ilx 50

Ot

K
by assumption (C1). Proceeding essentially the same way, it follows that

~2 2

=2 9

_ G; — 0o 6f —o

(o)™ = (67) "l = H s QtH SH Lt
K

e.a.s.
3 H = 0.
00} h K

O

Proof of Theorem 3.1. First, recall that the augmented GARCH process is assumed

to be strictly stationary and ergodic. An application of Lemma 5.2 shows that é: 2% 9,.
It is left to show that

1 =4 a.s.
IEa(8) ~ La(®)]1x 5 0. (55)
From Lemma 5.3 there exist constants Co, C3 > 0, such that
[log o7(8) —log 67(8) ||k < Call07(8) — 57(8) | x

and
[(c7(8)~" = (57(0) "] x < C5ll07(8) — 57(8)l| <
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18 Fabian Tinkl

Hence, using the triangle inequality, yields

||Ln(0) - in(g)”K =

- 2 X7 2 X7
;log o; (0) + 22(6) 1 (6) — 57(6) B}
<Y |[logaf () ~log 57 (0)  + X7 [|(o7(8) 7 — (57(6)) ||

t=1
<Y (14 CuXP)Col 07 (6) — 57 (6)lIx.

t=1

where Cy = C3/Cs. Since ||02(8) — 62(0)||x “%" 0, apply Lemma 5.1 to conclude that
the series

> Xillo7(9) —57(0)]x
t=1

converges a.s. if E[log™ X7] < oco. Since (X;)sez is strictly stationary and ergodic together
with (C1) and (C2), it holds that E[X3*] < oo for some s > 0, which in turn implies
E[log™ X2] < oo by Jensen’s inequality. Hence, the conditions of Lemma 5.1 are fulfilled
and equation (5.5) follows for n — oo because ||L,,(0) — L,,(8)| x is a.s. bounded. This
completes the proof of Theorem 3.1. O

5.2. Proof of Theorem 3.2

First, it is shown for the estimator é; Second, the asymptotic equivalence of 6,, and 92
is proven. This is established by showing that v/n||6,, — 8, | “3 0 for n — cc.

Lemma 5.4. Assume the conditions of Theorem 3.2. Then, it follows that
Vn(B,, — 80) > N(0,%),
and X as in Theorem 3.2.

Proof. Since Vgl:(0) and V31:(0) are measurable functions of the strictly stationary
and ergodic process (X;)ez, conclude that n=*/2 3" | (Vgl,) is a strictly stationary and
ergodic zero-mean martingale difference. It is left to show that X is well defined. First,
observe that

1280 (235 1) (oSt Tietion)].
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Maximum likelihood estimation in augmented GARCH models 19

Recall, that #go) = ¢ and E[e?] = 1. Together with the independence of ¢; from o?(6)

and V507(0p) and assumption (N3) it follows that

e [0 ) o) o

It is left to show that the matrix

-1
1 /
E — 20 20
o0 | (g Vors@0Vorite)) |
is positive definite. This follows directly by an application of Straumann and Mikosch
[42, Lemma 7.2] together with (N4). Using eg = X¢/00(8), E[e2] = 1, the independence
of €9 and Vo? and assumption (N3) again, it holds that

1 / -1 2 1 /
Y= E90 Lé(eo)veag(ao)vgag(eo)] Eeo [(1 - 6(2J) Ué(BO)VGUS(GO)VeUS(GO)
1 , -t
Eg, | ———Veol(0 20
< o, | g0y Vo3 80) Vo700
4 1 2 ) -
= Ego[(60 - 1)]E90 WVGUO(GO)VGUO(BO)
0
O

The next lemma shows that 9:; is asymptotically equivalent to 0., meaning that both
have the same limiting distribution. This follows if v/2]|0.. — @,|| 3 0 holds as n — oo.
First, one has to show that

Hn—lvgin . BOHK ) (5.6)
as n — 0o. Since
In~'VgLn — Bolx < |In"'V3Ly, —n 'VgLu|k +|ln~ V3L, — Bo| x

it suffices to prove that
a.s.

|In " V2L, —n " 'V2iL,|x “3 0

as n — oo and (5.6) follows. Next, observe that
V8, —0,) = /(8 — 80) — /n(B, — o)
1 I =g 7
=—(By'+op(1)) [ —=) Veli——=> Vol; |.
( 0 P( )) (\/ﬁfz_:l t \/ﬁ fz::l t
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Hence, 9: and 8,, are asymptotically equivalent if

1 a.s
— > Voli = Vole|| “5 0 (5.7)
\/ﬁ: t=1 K
and
1|& s o
- D Vel — Vak| 30 (5.8)
t=1 K

The next lemma entails all the ingredients being necessary to prove (5.7) and (5.8).

Lemma 5.5. Under the condition of Theorem 3.2 it holds that

||0t Vgat -G, Vgat |l = “L0, (5.9)
oy Veat 515_ BUtHK & 0, (5.10)
and
o7 *Veo2Vyo? — 5, V62V 62|k “5™ 0 (5.11)
as n — 0o.

Proof. Write o2 instead of 07(8) for easier notation. To prove equation (5.9) note that
02(0) > h >0 for all @ € K by condition (C1). Since ¢2(8) is three times differentiable
w.r.t. 8, the mean value theorem for vector valued functions applies, cf. Rudin [39,
Theorem 9.19]. Therefore, the additional assumption that K is convex is needed.

5 0 1 1

57" 5g (1 = 57) L*H“’"f (o—s‘&z)HK
219302 102 = )] + | Voo? (=5 — =

7 0% ||k t t) ik 60 Ut2 5? K'

::At = Bt

IN

lo; *Veo7 — 6, °Veor |k

IN

Since ||o2 —&2||x “%” 0 by virtue of Lemma 5.3 and, additionally, Ego [log™ |Vio fHK] <
0o by assumption (N3i)-(N3iii) for every 8 € K it follows that A4; “%” 0 by virtue of

Lemma 5.1. Similarly, B; ““” 0 because by Lemma 5.3 [|(c7)~ — (2)7|| “%” 0 and
assumption (N3i)-(N3iii). Hence equation (5.9) follows. Applying the mean value theorem

again, yields

oz 2Vgoi — 67 Va7 () x < 1157 *lxIVE (o7 — 0)llx

1 1
19302l | 25 - 25
o7 Ut K
3 2 2 <2 2 2 1 1
< ||Ve‘7t | x ||(Ut Ut)HK + ||Ve‘7t | x )
0% 0t Ik
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An application of Lemma 5.3 together with the assumption (N3i)-(N3iv) and Lemma 5.1
finalizes the proof of equation (5.10). Finally, the validity of equation (5.11) is checked
proceeding essentially the same way.

oy *Veo?Vgo? — 6, 4VeaiVedillx < 1167 |k |IVe0?Veo? — Vesi Vi x
+ |V Veo?| ko — 67|k

< h72|[(Veo}? — Ve5})(Veo? + Vei?) ||

+ Vo0t Voo s o — |-
Write ¢; ; = g‘étj ggf . Since the sup-norm is sub-multiplicative it holds
do? do?
ooz 1] < o, 02" | Gor|| |+, o™ 555 | <o
for all 4, j € {1, ...,d}. Thus, it holds that
Ellogt | Ve0o2Veo?| k] < oo. (5.12)

In addition, applying the mean value theorem to ||o; * — &; %||x, it one can deduce that

o * =6, Yk < 2llo; % |loy — &;2HK

<207 Moy =6, %k <570,

Therefore, an application of Lemma 5.1 shows that

HVBUEV,GO}QHKHU;ZI _ 6’;4”1{ e.a.s.

Finally, observe that

€e.a.s.

1(Veo? — Vei7)(Vao; + Vai?) |k < 2|Veot| x| Veo} — Veii|lk “70  (5.13)

by condition (N3ii) and Lemma 5.1. Putting the estimates (5.12) and (5.13) together
equation (5.11) follows. O

Lemma 5.6. Assume the conditions of Theorem 3.2. Then, (5.7) and (5.8) hold.

Proof. By virtue of (3.11) and the results of Lemma 5.5 deduce that

n

<> | Vele — Velillx

K t=1

> Vol — Vel

t=1

3

Z|1+h 1X2H|‘7t ZVGUt -0y VGUt”K
t=1

< 0o, for n — oo
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by accounting for E[log™ (1 + X2)] < oo and the results of Lemma 5.5. An application of
Lemma 5.1 proves (5.7). For the second hypothesis of Lemma 5.13, observe that

£[0-2) ()
(Xz_ )( tveatvgat)
(-3) (3w
(3 (i)

<) I+ h72XP) |( —
O

t=1

> Vel - vgzt

t=1

2 ~2
Vgo‘t — 7~2v90—t
O

J)

K

+

1 1 /
~2 =2
VeUt Vgot e Veo;Vgo;
t t

Since Eflog™ |1 + X2l k] < oo,

Olt - ngt < 0

follows by an application of Lemma 5.6 and Lemma 5.1. This shows (5.8) and Lemma
5.6 is proven. O

The proof of Theorem 3.2 follows by subsequent application of the Lemmas 5.4-5.6.

5.3. Proof of Theorem 4.4
Before proving Theorem 4.4, the following intermediate results are shown first.

Lemma 5.7. Assume the condition of Theorem 4.4. Then, it follows that

Eg, [log™ [Vaot(0)| x,] < oo, (5.14)
9 [log+ HVfQ?Ut(O)HKd] < 00, (5.15)
Ee, [1og V0 ( 0>HKJ < . (5.16)
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Proof. Starting with Vo,(0) yields

_ D1 BT
Vorl0) = S 5
(1 B)Z +at 3 (- DA X+ a” Do (i — 1)~ 2Xt i
(5.17)

Since f <1 —d it holds that —log(1 — ) < oo for all 5 € K. Observe that a.s.
doy - i—1 +
oot = 2B X < ar/at

=1

Since (X¢)tez is strictly stationary and f < 1 it follows from Hamadeh and Zakoian
[17, Proposition Al] and Pan et al. [35, Theorem 6] that there exists a s > 0 such that
E[of] < oo, which yields for every 6 € Ky

8 S
Eg, log+ Li §s_110g+E90 Hajs‘ < 0.
dat ||k, g,
A similar argument leads to FEg, [long H 0oy HKJ < 0. For every 6 € Ky, the fourth
component can be estimated by
80't
E90 1Og Y- ]
0B ||,
= Bo, |log" || == + Z B2 (0 [ Xomi] + o X,
Kq
< Cs+1/slog™ Eg, D (i — DB (0 Xi| + 0~ X)) :
i=1 Ka

where Cs = log2 4 log™ w — log(1 — 3) < oc. Using (a +b)* < a® +b° for 0 < s < 1 and
a,b > 0, observe that |X;|® = of|e:|® and, thus, E[|X|°] = E[o{]F[|e:|°] < oo by Pan
et al. [35, Theorem 6]. Hence, it can be deduced that

oo S

S - DBt K] o X))

i=1

Ey,

Kq

1)*8°072) B, [(a + a7)| X))

1 nMg

N
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and (5.14) follows by an application of Lemma 5.1. To show (5.15) one proceeds essentially
the same way. Therefore, it suffices to discuss the following vector

1
(1-p)2
2 (i )BZ *| X
8ﬁ(v90t) Zz 11(2_ 1)51 2Xt

g + Dis(i = 1) = 2)8 % +|Xt—i|+a_X;i)

Following the steps to prove (5.14), it can be shown that

‘|<oo
d

which in turn implies (5.15). For the third derivative it is enough to regard %(V%O’t).
Since similar arguments are used as before, details are omitted. O

log™ (Vgcrt)

op

Tt is left to verify the remaining moment conditions (N3iv)-(N3vii). The assertions of
the next lemma are shown in the proof of Hamadeh and Zakotan [17, Theorem 2.2]. A
proof is therefore omitted.

Lemma 5.8. Assume the condition of Theorem 4.4. Then, it follows that

Fo, m } < o0, (5.18)
Ee, VE:’{&)(:’)‘)) } < 00, (5.19)
Ee, _ V"Ut(g;zzs‘”(%) H < o0, (5.20)
Eg, [||Val:(0)] 5] < o<, (5.21)

for some neighborhood K c Ky containing 6.

Proof of Theorem 4.4. First, it is shown that \/ﬁ(éz —0y) 4 N(0,%). Using the
equations (3.12), (3.13) and (3.14) with 6 = 1/2 it holds that

2

Vol (0) = —1/2 (1 — %) o7 'Veoy(8).

V31,(8) = —1/2 ((1 - Ugi;) (;V30t> + (30;2)%20) - 1) Ugl(a)vgat(e)v;,at(a)> .

Using the results of Lemma 5.8, it follows that Eg, [||Vel:(00)|]] < co and Eg, [||V5l:(00)]|] <
0o. Since €y and o are independent, it may be shown that

= = El(c} — 1)]Fa, [4952(80)Voo0(80) Vero(80)] o
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From Hamadeh and Zakoian [17, Theorem 2.2] it can be deduced that the matrix X
is well defined because Fg, [4V900(00)V1900(00)] is invertible. It is left show that 8,
is asymptotically equivalent to 9; as in Lemma 5.6. Since 07(0) is not continuously
differentiable w.r.t. @ Lemma 5.5 is not directly applicable. Nevertheless, the following
equations can be demonstrated analogously to Lemma 5.5.

1

]- e.a.s.
‘ *V@O’t - TVg&t — 0, (522)
Ot Ot Ky
1 2 1 ~ e.a.s.
*Vea't — *V@O’t — O, (523)
Ot Ot Kq
and
szeatv;at — 5 Ved:Veai|| BT 0. (5.24)
t t Ky
First, conclude that
1 1 - 1 1 1 -
Hveat— — Va0 <||— - = |V90t||Kd+H~H ||V00t_VBUt||Kd'
Ot Ot Kg Ot Otllk, Ot ll Ky
= At = Bt

Since oy — ¢k, “5" 0 and Fg,[log™ | Veo|| x,] < oo by virtue Lemma 5.7, an appli-
cation of Lemma 5.1 yields 4, %’ 0. Turning to B, observe that

8@ . 80} L(O' _ 5 ) e&)s. 0
dat  Oat Ky at ! K K,
The same conclusion holds for ggi . For %—Uﬁt it holds that
ao-t 85—7: > . i—2 — —
— == < i— D1 —d)"?|at| X1+ o X
15 -5, 300 i X
<SA=-d) ) (G+t-1DA-df 2 |lat X+ X ||,
=1

< (1-d)'Cs “" 0,
by virtue of Lemma 5.7 and Lemma 5.1. Hence,

.a.s

IVoor — Vg&tHKd “40
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and B; “%" 0 because under the stationarity condition o; > w > 0 for all 8 € Ky. This
proves (5.22). Note that (5.23) is shown if

|Vao: — vg&t”Kd 2% .

Since this follows from the same considerations as before, details are omitted. It is left
to show (5.24). Observe that

< w2||Voor — Voitll k.| Vool x.
K4

1 / 1 Yo~
—2V9otvecrt — TQVQO'tveUt
Ot Ot

/ — ~—
+ Voo Vool llor* — 67 % k-

Recall that Eflog™ [|Veoil|x,] < oo, Ellog™ ||Veo:1Vyoil|x,] < oo and, additionally,
o2 — 6, 2k, “%° 0. This implies

IVoo: — Vool x, “%"0.

Now, (5.24) follows by the same arguments as in Lemma 5.6 by an application of Lemma
5.1. Thus, it may be deduced that

n=2N Vel — Velil|k, “3 0

t=1
and
n ~
nt> |IVEl — Valilk, “3 0
t=1
hold as n — oo. This in turn implies the asymptotic equivalence of 0,, and 92 Hence,
the assertion of Theorem 4.4 follows. O
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